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Note to readers: it has come to our attention that Theorem 1, the main result of
this note, follows from earlier results of Agnarsson, Damaschke and Halldo´rsson [1].
Abstract
It was proved by Raychaudhuri in 1987 that if a graph power Gk−1 is an interval
graph, then so is the next power Gk. This result was extended to m-trapezoid graphs by
Flotow in 1995. We extend the statement for interval graphs by showing that any interval
representation of Gk−1 can be extended to an interval representation of Gk that induces
the same left endpoint and right endpoint orders. The same holds for unit interval graphs.
We also show that a similar fact does not hold for trapezoid graphs.
1 Introduction
An interval graph is a graph whose vertices correspond to intervals of the real line, and such that
two vertices are adjacent if and only if the corresponding intervals intersect. More generally,
given a set S of geometric objects, the intersection graph G of S is the graph with vertex set
S such that two vertices are adjacent if and only if they have a nonempty intersection. We say
that S is a geometric representation of G. Let m ≥ 0 be an integer and consider m+1 parallel
horizontal lines L1, . . . , Lm+1 indexed from bottom to top. An m-trapezoid on L1, . . . , Lm+1 is
determined by a set ofm+1 intervals I1, . . . , Im+1 with Ii ⊂ Li for each i ∈ {1, . . . ,m+1}. This
m-trapezoid consists of the polygon with corners ℓ(I1), . . . , ℓ(Im+1), r(Im+1), . . . , r(I1), ℓ(I1)
connected in this order (where ℓ(Ii) and r(Ii) denote the left an right endpoint of interval
Ii, respectively). An m-trapezoid graph [4] is the intersection graph of a set of m-trapezoids
defined on the same m + 1 lines. Note that 0-trapezoid graphs coincide with interval graphs,
and 1-trapezoid graphs are simply called trapezoid graphs (and were introduced in [3]). An
interval representation is proper if no interval properly contains any other interval, and it is unit
if all intervals have unit length. A graph is a unit (proper, respectively) interval graph if it is
the intersection graph of a unit (proper, respectively) interval representation. It is well-known
that an interval graph is unit if and only if it is proper [9].
Anm-trapezoid representation of anm-trapezoid graph G naturally induces 2(m+1) orders
for V (G) corresponding to the orders of the left and right endpoints of the intervals of each
line Li
1. We denote by 6iL the order corresponding to the left endpoints of the intervals on
line Li, and by 6
i
R the order corresponding to the right endpoints of the intervals on line Li.
If m = 0 (i.e. we consider an interval representation of an interval graph), we simply denote
these two orders 6L and 6R.
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1Note that two elements of V (G) can be equal for some orders if they share a common left or right endpoint.
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Given a graph G and an integer k ≥ 1, the kth power Gk of G is the graph with vertex set
V (G) where two vertices are adjacent in Gk if and only if they are at distance at most k in G.
Raychaudhuri [8] proved that for any graph G and any integer k ≥ 2, if Gk−1 is an interval
graph, then so is Gk. Raychaudhuri also proved the same statement for unit interval graphs.
Flotow [4] extended Raychaudhuri’s result as follows: for any k ≥ 2 and every m ≥ 0, if Gk−1
is an m-trapezoid graph, then Gk is an m-trapezoid graph. Flotow also proved that the same
statement is true for co-comparability graphs [4], and studied similar question for circular-arc
graphs [5]. Note that a similar result does not hold for the related class of permutation graphs
(which are exactly the graphs that are both comparability and co-comparability graphs), since
the path P7 is a permutation graph, but its square P
2
7 is not (indeed it is not a comparability
graph). Similarly this does not hold for chordal graphs (see [7] and [8] for some discussion and
related results).
Raychaudhuri’s proof for (unit) interval graphs relies on classic characterizations of these
graph classes in terms of forbidden structures, and he does not consider the interval represen-
tations of the graphs in question. In contrast, in Flotow’s proof, an m-trapezoid representation
of Gk−1 is extended in an inductive process to obtain an m-trapezoid representation of Gk.
However, Flotow’s proof does not yield any conclusion about the orders induced by the two
considered m-trapezoid representations of Gk−1 and Gk. We prove the following strengthening
of Raychaudhuri’s results from [8], providing a shorter proof for them.
Theorem 1. Let G be a graph and k ≥ 2 an integer such that Gk−1 is an interval graph. Given
any interval representation R of Gk−1, R can be extended to an interval representation R′ of
Gk such that R and R′ induce the same left and right endpoint orders.
Corollary 2. Let G be a graph and k ≥ 2 an integer such that Gk−1 is a proper interval graph.
Given any proper (respectively unit) interval representation R of Gk−1, R can be extended to
a proper (respespectively unit) interval representation R′ of Gk such that R and R′ induce the
same left and right endpoint orders.
Finally, we show that a statement similar to the one of Theorem 1 is not true form-trapezoid
graphs in the case m = 1 and k = 2 (i.e. for squares of trapezoid graphs).
Proposition 3. There is a trapezoid representation R of the path P5 such that for any trapezoid
representation R′ of P 25 , at least one order among the four orders 6
0
L, 6
0
R, 6
1
L, 6
1
R induced by
each of R and R′, differs on R and R′.
We remark that the proof of Theorem 1 provides a polynomial-time algorithm for building
the representation R′ from R and G. Hence Theorem 1 has (algorithmic) applications, see for
example [6].
2 Proofs
Proof of Theorem 1. We can assume that G is connected and that in the representation R
there is no pair of intervals Ix and Iy with r(Ix) = ℓ(Iy) (otherwise we can modify R so that it
satisfies this property, without affecting 6L and 6R).
For every vertex x ∈ V (Gk−1), we denote by Ix the interval corresponding to x in the
representation R of Gk−1. Assume first that there exists a vertex at distance k of x (in G)
whose corresponding interval of R has a left endpoint larger than ℓ(Ix). Let ux be such a vertex
whose corresponding interval Iux of R has the largest left endpoint. We define rk(x) to be a
point of the real line located after ℓ(Iux) and before the next left or right endpoint in R (if it
exists). In the case ux = uy for two distinct vertices x and y such that x 6R y, we choose rk(x)
and rk(y) such that rk(x) < rk(y) if r(Ix) < r(Iy) and rk(x) = rk(y) if r(Ix) = r(Iy). If there
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is no interval ux, we let rk(x) = r(Ix). In this case, each vertex y whose corresponding interval
of R starts after ℓ(Ix) is at distance at most k− 1 of x, and no interval in R starts after r(Ix).
Now, we build R′ as follows: each interval Ix = [ℓ(Ix), r(Ix)] is replaced by interval I
′
x =
[ℓ(Ix), rk(x)]. In other words, all the intervals of R are extended to the right until being adjacent
to the last interval at distance at most k in G, while locally preserving the order 6R in the
event of ties.
It is clear that R and R′ induce the same order 6L since we have not modified the left
endpoints. Assume for contradiction that R and R′ do not induce the same order 6R. Let x
and y be two vertices. If rk(x) = rk(y) we necessarily have r(Ix) = r(Iy). Thus there exist two
vertices x and y with x 6R y in R, but y 6R x in R
′. In other words, r(Ix) ≤ r(Iy) but rk(x) >
rk(y). This implies in particular that r(Ix) < rk(x) and hence ux is well-defined. Moreover,
by definition of rk(x), we cannot have ℓ(Iux) ≤ rk(y) < rk(x), therefore rk(y) < ℓ(Iux) and the
distance dG(y, ux) is at least k+ 1. Since dG(x, ux) = k, there is a vertex z at distance 1 of ux
in G that is at distance k − 1 of x in G (for example z lies on a shortest path from ux to x in
G). Hence, Iz intersects both Ix and Iux in R. But then, Iy also intersects Iz, implying that
dG(y, ux) ≤ dG(y, z) + dG(z, ux) ≤ k − 1 + 1 = k, a contradiction. Therefore R and R
′ induce
the same order 6R.
It remains to show that the interval graph G′ defined by R′ is exactly Gk, i.e. that (i) all
edges of Gk are contained in G′, and (ii) that every edge of G′ belongs to Gk.
Note that each interval I ′x of R
′ contains the interval Ix of R, hence all the edges of G
k−1
are contained in G′. Hence, assuming that (i) is false, we have two vertices x, y at distance
exactly k in G that are not adjacent in G′. Assume without loss of generality that x 6R y.
But then, we have rk(x) > ℓ(Iy) and therefore I
′
x and I
′
y do intersect in R
′, a contradiction.
Therefore (i) holds.
Now, assume that (ii) is false; then we have two vertices x, y with dG(x, y) ≥ k + 1 but I
′
x
intersects I ′y. Without loss of generality assume that x 6R y. Then we have rk(x) > ℓ(Iy), and
x 6= ux. Let z be a vertex at distance 1 of x and at distance at most k − 1 of ux (for example
z lies on a shortest path from x to ux in G). Then, Iz intersects both Ix and Iux in R, which
implies that Iz intersects Iy in R. Hence, we have dG(y, x) ≤ dG(y, z)+dG(z, x) ≤ k−1+1 = k,
a contradiction. Hence (ii) holds and the proof of Theorem 1 is complete.
Proof of Corollary 2. An interval representation is proper if and only if the two orders 6L and
6R are the same.
Let G be a graph such that Gk−1 is a proper interval graph and let R be a proper interval
representation of Gk−1. By Theorem 1, R can be extented to an interval representation R′ of
Gk inducing the same left and right endpoint orders. Thus R′ is necessarily a proper interval
representation.
For unit interval representations, it is enough to note that any proper interval representation
R of a graph H can be transformed into a unit interval representation Ru of H such that R
and Ru induce the same left and right endpoint orders (see for example [2]).
Proof of Proposition 3. Let V (P5) = {1, 2, 3, 4, 5} and consider the following trapezoid repre-
sentation, R, of P5. Each vertex i (1 ≤ i ≤ 5) corresponds to the trapezoid Ti with cor-
ners ℓ(I0i ), ℓ(I
1
i ), r(I
1
i ), r(I
0
i ), where the intervals on L0 are I
0
1 = [0, 1], I
0
2 = [6, 7], I
0
3 = [4, 5],
I04 = [10, 11], I
0
5 = [8, 9] and the intervals on L1 are I
1
1 = [4, 5], I
1
2 = [3, 4], I
1
3 = [8, 9], I
1
4 = [6, 7],
I15 = [12, 13]. See Figure 2 for an illustration. Note that we have 1 6
0
L 3 6
0
L 2 6
0
L 5 6
0
L 4,
2 61L 1 6
1
L 4 6
1
L 3 6
1
L 5, 6
0
L=6
0
R and 6
1
L=6
1
R.
By contradiction, we assume that there exists a trapezoid representation R′ of P 25 inducing
the same orders 60L, 6
0
R, 6
1
L and 6
1
R as R. For each vertex i (1 ≤ i ≤ 5), denote by T
′
i the
3
L1
L0
T1
T2
T3
T4
T5
Figure 1: The trapezoid representation R of graph P5.
trapezoid corresponding to i in R′, and by I ′0i and I
′1
i the intervals of L0 and L1, respectively,
belonging to Ti.
Since 3 and 5 are adjacent in P 25 , we have T
′
3 ∩ T
′
5 6= ∅. Since 3 6
0
L 5, 3 6
0
R 5, 3 6
1
L 5 and
3 61R 5, we have ℓ(I
′1
5) < r(I
′1
3) or ℓ(I
′0
5) < r(I
′0
3). Since 3 6
0
R 2 but 2 and 5 are not adjacent
in P 25 , we have r(I
′0
3) < r(I
′0
2) < ℓ(I
′0
5). This implies that ℓ(I
′1
5) < r(I
′1
3). Since 2 and 4 are
adjacent in P 25 and moreover 2 6
0
L 4, 2 6
0
R 4, 2 6
1
L 4 and 2 6
1
R 4, we must have ℓ(I
′1
4) < r(I
′1
2)
or ℓ(I ′04) < r(I
′0
2). But since r(I
′0
2) < ℓ(I
′0
5) < ℓ(I
′0
4), we necessarily have ℓ(I
′1
4) < r(I
′1
2).
Now, it suffices to observe that 1 and 2 are adjacent but 1 and 4 are non-adjacent in P 25 , while
1 60L 3 6
0
L 2, 1 6
0
R 3 6
0
R 2, and we must have 1 6
1
L 2 and 1 6
1
R 2. This makes it impossible to
complete the representation R′, which is a contradiction.
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